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I. PURPOSE OF CONTRACT

An engineering research study on nevel electromagnetic waveguides,
antennas, filters and related devices is to be carried out to supplement
in-house research. Work on surface waves, antennas based on surface
waves, and microwave branching filters is to be continued wher special
problems arise. Special emphavis will be placed on studies concerning
the beam waveguide and beam waveguide resonator. The program is to give
special considerations to problems and structures which are important
from the viewpoint of pracrical miiitary application.

It is contemplated that this program will include the following
subjects:

a. The determination of circuit properties of beam waveguide

resonators.

b. A study of the coupling problem between beam waveguide

resonators and conventional waveguides.

c. Investigation of antennas based on the beam waveguide.

d. Frequency stabilization with beam waveguide resonators.

e. Other problems related to the above which are agreed to by

the contractor and contracting officer's representative.

viii.
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II ABSTRACT

The research work that was curried out under thie contract was a
continuation of, but over and beyond, the studies made unde:r Contract No.
DA-26-039-8c-85188. This firal report covers ths perfod from Septewber 1,
1964 to Jaruary 31, 1369. During this period three dictinct studies were
carzied out. Two of these studfes dealt with topics closely related to
the beam waveguide. The third study was a separate one and was conrerned
with the theory and design of a new tvpe of filter called a cut-off ccupled
microviave filter.

Part ! of the report descrsibes the general study made of beam wave-
guide resonators at millimeter wavelengths. An important result cf this
study vas the derivation of the aquivalent circuits for resonators with in-
put ard output coupling. An extensive bibliography on guided electrcmag-
netic wvave bemms, beam waveguides, beam waveguide antennas, beam waveguide
resonators, and Fabry-Perot resonators is included in Part 1 of this report.

Part 2 of this report describes a new type of waveguide filtevr called a
cut-off coupied microwave filter. The theory, design and fabrication of
these filiers as well as the measurements nade on them is described in some
detail.

Part 3 of this report deals with two general applications of the team
waveguide of rectangular symmetry. One of the studies was concerned with
the rectangular beam waveguide resonator and the cther with a rectangular

beam waveguide antenna formed from the resonator.

ix.



III. INTRODUCTION

The research work that was carried out under this contract was a contini-
ation of, but over and beyond, the studies made under Contract No. DA-36-039-
sc-85188. This final report covers the period from September 1, 1964 to Janu-
ary 31, 1999. During this period three distinct studies were carried out.
Two of these studies dealt with topics closely related to the beam waveguide.
The third study was a separate one and was concerned with the theory and de-
sign of a new type of filter called a cut-off coupled microwave filter.

These three studies are essentially indenendent of each other and hence
each will be treated as a unit. This report will therefore be divided into-
three parts, each of which will te self contained and will iaclude a bibli-
ography, appendixes when necessary and the conclusicns arrived at as the re-
sult of the study.

Part 1 of the report will describe the research carried out between
September 1964 and June 1967.l Because of the large amcunt of experimental
work uetailed in the quarterly reports, the material will not be repeated
iiere. Siuce the study was concerned in general with beam waveguide resona-
tors at millimeter wavelengths, an overall view of the work will be given.
An important result of this study was the derivation of the equivalent cir-
cuits for the coupled resonators. Since this derivation has not previously
been reported, it will be given here in some detail. An extensive bibliog-
raphy on gujded electromagnetic wave beams, beam waveguides, beam waveguide
3 antennas, beam waveguide resonators, and Fabrv-Perot resonawors is included

in Part 1 of this report.

1. The rescarch reported on in this sectien appears also as a part of the
Ph.b. thesis of Arthur W. Murphy (107).
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Part 2 of this report will be concerned with the research carried out
be tween September 1965 and September 1966.2 The research performed during
this period dealt with a new type of waveguide filter called a cut-off
coupled microwave filter. Conventional waveguides arranged in a special
configuration were used to form the filter. The theory, design and fabri-
cation of these filters as well as the measurements made on them will be des-
cribed in some detail.

Part 3 of this report will describe the research carried out between
September 1966 and January 1969.3 The research performed during this period
dealt with two general applications of the beam waveguide of rectangular sym-
metry. One of the atudies was concerned with the rectangular beam waveguide
resonator and the other with a rectangular beam waveguide antenna formed from

the resonatecer.

2. The research reported on in this section appears also as a part of tne “.5.
thesis of John R. Brauer.

3. The research :teported oa in this section appears also as a part of the
Ph.D. thesis of John R. Brauer.

2.




PART 1

BEAM WAVEGUIDE RESONATORS

AT MILLIMETER WAVELENGTHS

Previous Studies

The investigation carried out under this phase of the contract was con-
cerned with a general study of the characteristics and properties of the cy-
lindrical beam waveguide developed by Dr. Georg Goubau of the U.S. Army Elec-
tronic Command. The work of Goubau and his associates is detailed in the
1iterature.4’5’6’7’8’9

Briefly, the beam waveguide consists of a launching and receiving an-
tenna, usually horns, and a number of equally spaced lenses or phase correc-
ting plates placed between the antennas to reset the cross-sectional phase

of the guided beam. The cross-sectional field distribution of the beam is

not constant with distance along the beam as is the case in conventional

4. G. GCoubau and J.R., Christian, "A New Waveguide for Millimeter Waves,"
presented at URSI-IRE Fall meeting, San Diego, California, October 1959.

5. G. Goubau and F. Schwering, "On the Guided Propagation of Electromagnetic
Wave Beams," IRE Trans. on Antennas and Propagation, Vol. AP-Y, Mav 1961.
pp. 243-256. This vpaper was first presented at URSI-IRE Spring meeting,
Washington, D.C., May 1960.

6, J.R. Christian and G. Goubau, "Experimental Studies on a Beam Waveguide
for Millimeter Waves," IRE Trans. on Antennas and Propagation, Vol. AP-9,
May 1961, po. 256-263.

7. J.R. Christian and G. Goubau, 'Some Measurements on an Iris Beam Waveguide',
Proc. IRE, Vol. 49, November 1961, pp. 1679-1680.

8. G. Goubau, Optical Relaticns for Coherent Wave Beams, presented at Svm. on
Llectromagnetic Theory and Antennas, Copenhagen, Denmark, June 25, 1962:
published in Electromagnetic Theory and Antenmnas, in International Series
of Monographs on Electromagnetic Waves, E.C. Jordan, Ed., Vol. 6, part 2,
Pergamon ¢ress, New York, N.Y., 1963.

Y. G. Goubau, and J.R. Christian, "Some Aspects of Beam Waveguides for Long
Distance Transmission at Optical Frequences,'" IEEE Trans. on Microwave
Theory and Techniques, Vol. MTT-12, March 1964, np. 212-220.

3.




waveguldes. The amplitude and phase of the cross-sectional distribution vary
with distance along the beam. The cross-sectional amplitude distribution how-
ever, 1s repeated at certain distances from the source. The original phase
distribution at the source can be reconstituted by phase transformers placed
at the point where the original amplitude distribution is repeated. Thus a
reiterative system is formed which is called a beam w-veguide. The beam wave-
guide can be made to have very small losses. The possible applications of

the beam waveguide as a low loss transmission line for the millimeter through
optical frequency range is of prime interest. The resonator formed from this
transmission line, called the beam waveguide (or the Fabry-Perot) resonator,
has among other desirable characteristics a very high Q in the millimeter
through the optical frequency range. The beam waveguide resonator is there-
fore a very useful millimeter wave circuit element which makes possible the
extension of resonator techniques into the millimeter and optical frequency
ranges.

A brief review of rhe studies made on the beam waveguide and the beam
waveguide resonator under previous contracts will be given. Such a review
will assist in orienting the further investigations made under the present
contract.

The first phase of the early investigations was concerned with the meas-
urement of the very small diffraction losses of the waveguide. Work on the
measurement of the diffraction losses of the beam waveguide has been completed

and reported on previously.10 In addition, measurements of the field

10. E.N. Scheibe, "Surface Wave, Antenna and Microwavc Filter Engincering
Research Study," Final Report on Contract No. DA-36-039-sc-78326, De-
partment of Electrical Engineering, University of Wisconsin, Madison,
Wisconsin, September 20, 1961.

Also see J.B. Beyer and E.H. 3cheibe, "Loss Measurements of Beam Wave-
guides,”" IEEE Trans., on Microwave Theory and Techniques, Vol. MTT-11,
January 1963, pp. 18-22,

and E.H, Scheibe, '"Measurements on Resonators Formed from Circular Plane

and Confocal Paraboloidal Mirrors,'" Proc. IRE, Vol. 49, June 1961, p. 1079,

4.
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distribution within the beam for the lowest mode, and an analytical study of
the losses of the higher modes which will propagate on such a line have also
becn completed.11

The study of the diffraction loss for the lowest loss mode of the beam
waveguide was made with a loop coupled resonator consisting of a paraboloidal
mirror as one end plate and a flat mirror as the other end plate. Such a re-
sonator simulates one itcration of the beam waveguide and the diffraction loss
per iteration can be determined from the measured Q of the resonator. Since
the diffraction loss to be measured was very small and hence the Q of the re-
sonator was very high, special apparatus and techniques were devised to mea-
sure the Q. These studies and measurements were made at, or near, a frequency
of 9 GHz.

The remainder of the studies completed thus far were made at, or near,
a frequency of 35 Gliz and are detailed in previous reports.12 These studies
are almost entirely concerned with applications of the beam waveguide or
Fabry-Perot resonator.

Though a large number of modes may be present in the beam in many in-
stances, only the lowest loss mode survives in a reasonable length of beam
waveguide. In resonators formed from the beam waveguide it is possible,

under proper conditions, to encourage the excitation of selected modes onlyv.

11. J.B, Beyer and E.H. Scheibe, "Higher Modes in Guided Electromagnetic
Wave Beams,' IEEE Trans. on Antennas and Propagation, Vol. AP-10, May
1962, p. 349.

Sce also J.W. Mink, "Higher Modes in Electromagnetic Wave Beams,' M.S.
Thesis, University of Wisconsin, Madison, Wisconsin, 1962.

12. E.H. Scheibe, '"Surface Wave and Antenna Engineering Research Study,"
Final Report on Contract No. DA-36-039-s5c-85188, Department of Elec-
trical Engineering, University of Wisconsin, Madison, Wisconsin, No-
vember 30, 1964.

See also J.W. Mink and E.H. Scheibe, "A Dual-Mode Beam Waveguide Re-
sonator and Frequency Stabilizer at Millimeter-Wave Frequencies," IEEE

Trans, on Microwave Theory and Techniguyes, Vol. MTT-14, May 1966, pp. 222-
228.
5.
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In cases where a single mode or a sel;cted number of modes exists it is ad-
visable tc know the field pattern or :ransverse field distribution in the
cross-section of the beam of individual modes or mode combinations. The
radial field distribution, which depends on the Laguerre polynomials that
appear in the solution of the beam waveguide, was calculated on a computer

for a number of the lowest loss modes. With the radial dependence of the
field known, rhe most favorable position of the coupling elements for launching
the desired higher modes can be determined. Because it is convenient to refer
to individual modes at times, particularly the lower loss modes, it was nec-
essary to devise . meaningful mode designation. A mode notation was chosen
which used the degree and order of the Laguerre polynomial associated with
each mode.

The frequency stabilization of microwave oscillators was one of the
studies carried out which used the beam waveguide resonator as a microwave
circuit element. The resonator was used as the frequency control or high Q
reference cavity and was operated in a dual mode. The dual mode operation
of the beam waveguide resonator made it possible to form a frequency discrimi-
nator which was then used in a feedback loop to stabilize the frequency of a
microwave oscillator. A marker generator, consisting of a very stable low
frequency crystal and a series of varactor multipliers, was developed in
order to measure both the long term and short term stabilities of stabilized
microwave oscillators operating near 35 CHz. The use of the beam waveguide
resonator as a stalo cavity for oscillator stabilization was also investigated.

The work done on the frequency stabilization of microwave oscillators
using tie dual mode beam wavegulde resonator led to a study of the measure-
ment of the dizlectric constant of gases at 35 GHz. In this application
the dual mode beam waveguide resonator was put in an evacuated chamber to de-

termine its resonant frequency. When a gas was admitted into the chamber
6.




the change In the resonant frequency of the resonator was a measure of the
dielectric constant of the gas. The dielectric constants of dry air, helium,
nitrogen, oxygen and argon have so far been measured with an accuracy of a
few parts in 107 at 35 GHz.

When the beam waveguide resonator operating in the low loss mode is
fitted with one end plate which is partially transparent it becomes an anten-
na. A study of such an antenna was made in which the partially transparent
end plate was fabricated from polystyrene sheets with air spaces between
them. This type of construction makes it possible to control the value of
the reflection coefficient of the end plate. The energy passing through the
end plate will radiate into space.

The radiation pattern of this bheam waveguide antenna was determined
analytically from the field distribution in the aperture. Measurements of
the radiation pattern of the antenna bore out the analysis made. Other forms
of the beam waveguide antenna are possible and additional antenna studies have
been carried out and are detailed in Part 3 of this report.

A problem which arises when using the beam waveguide is that of coupling
energy into the system from a conventional waveguide system. Usually a con-
ventional microwave horn along with a dielectric phase corr.ctor is used.

A method which has better launching efficiency uses a diagonal horn and a
properly designed phase correcting lens. The field of the diagonal horn has
an amplitude distribution which closely simulates the radial amplitude dis-
tribution of the lowest loss mode of the beam waveguide. When the diagonal
horn is used with a properly designed phase corrector, the output of the com-
bination very closely simulates the field of the lowest loss mode of the beam
waveguide in both amplitude and phase.

Coupling energy from a conventional waveguide system into a beam waveguide

resonator also raises problems and is the principal subject of Part 1 of this
7.
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report. ioop coupling can be used at a frequency of 9 GHz but is not prac-
tical at 35 Gllz. ‘The details of the coupling schemes possible at this fre-

quency are given in another section of this par: of the report.

IV. THEORETICAL CHARACTERISTICS OF BEAM WAVEGUIDE RESONATORS

A. General Considerations

A beam waveguide resonator in general consists of two reflecting sur-
faces mounted ncrmal to and concentric about a common axis. Especially
for microwave applications, it is advantageous to consider the iields in
the resonator as being due to a traveling wave beam propagating along the
axis of the resonator. The resonance condition then is that the total
phase shift of the beam must be a multiple of 27 radians in traversing a
path twice the physical length of the resonator. The resonance condition
may also be defined in terms f a total phase shift of 7 radians in a path
length equal to the physical length of the resonator.

The cross sectional energy distribution and the divergence properties
of the wave beam will in geuneral be a property of the shape of the reflec-
ting surfaces and the separation between the surfaces. Due to the finite
size of the reflectors, some energy will be lost past the reflectors. These
diffraction losses are a function of the resonator size and the cross sec-
tional energy distribution of the beam. The most common geometries used
for beam waveguide resonators is shown in Fig. 4-1.

When all resonator dimensions are large compared to the wavelength and
when the reflector separation is large compared to the size of the reflec-
tors, Kirchoff's diffraction theory may be applied to the fields in order
to obtain the re. .aator field distributions as the eigenfunctions of the 0

general integral equations13

i3. H. Kogelnik, T. Li, "Laser Beams and Resonators', Proc. IEEE, vol. 54,
10, October, 1966, p. 1314,
8.
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YPED (6 ) = [ kP (s),0,)P(s,) ds, (4-1)

82
(2),(2) (1) (1) ;
Y \E (82) - f K (sz,sl)E (sl) ds1 {4-2)
]
1
(1) (2)
where the eigenvalues y and Yy glve the loss and phase change of a

wave propagating between reflector surfaces 8 and 8,y. The form of the
kernels K depends upon the choice of coordinate system in which the prob-
lem is to be solved.

In rectangular coordinates,lb

K (yx),7509,) = (RIexpl-gkl (e -xp) 240y -y ) 214203 (4-3)

where X and y, are the coordinates on 8;
X, and y, are the coordinates on 5,
D is the reflector separation

k = 2n/A.

Expressed in the cylindrical coordinate system, (D.¢.z)15

1 2,2
k¢ )(pz.pl,¢2.¢1) = (3/AD)exp{-3k[p,+p;-20,p, cos($,~¢,)]/2D} (4-4)
In both rectangular and cylindrical coordinate systems it is possible
to reduce the two dimensional equations into two orthogonal equations in

ocne dimension. In rectangular coordinates, letting
b - J A
E(x,y) Ex(X)Ey(y) (4-5)

then for Eq. 4-1:

(0

(1) (2)
X X (xl) = IXK

Y (xl,xz)Eiz)(xz) dx, (4-6)

14. A. Pox, T. Li, "Resonant Modes in a Maser Interferometer", B.S.T.J.,
vol. 40, 1961, p. 485.

15. L. Bergstein, H. Schachter, "Resonant Modes of Optic Interferometer
Cavities, I. Plane Parallel Reflectors", J. of the Opt. Soc. Am.,
vol. 54, July, 1964, p. 896.

l10.
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W),y L f @ (2)

g L (yy) fYK (Yl.yz)Ey (y,) dy,
2

K’((2) - (D)~ L1/2437/4 -3k(xymx,)" /2D

2
(1) . (D)
= e

Simjilar expressions can be written for Eq. 4-2 by interchanging super-

scripts (1) and (2) and subscripts 1 and 2 in the above equatioms.

In a cylindrical coordinate system, it has been shown t:hatl6

E(p,¢) = Rn(p)e—jn¢ n = an integer

172 1/2

YR () (0;) = ijn(pz.pl)Rn(pl)(ol) dp,

n+l plpz

2, 2
ke 1/2,-3k(p3403) /2D
K (po0p) = 157 3 (k ) (o0 2e73H(P17P

with Jn a Bessel function of the first kind and order n.

4=7

(4-8)

(4-9)

(4-10)

(4-11)

(4-12)

(4-13)

For solutions of Eqs. <-1 and 4-2 tn exist, it is necessary that the
fields across one reflector of the resonator be related to the fields across
the other reflector by a multiplicative constant. Whether this condition
can be met or not determines the stability criterion for the particular re-
sonator geometry as discussed by Fox and Li (30). Stability is determined
by the relationship between the reflector curvatures and the separation be-
tween the reflectors. A stability diagram plotted in twec dimensions in terms
of the normalized coordinates G1 and 62 is shown in Fig. 4-2. The normalized

coordinates G, and 62 are defined by Gordon and Kogelnik as17

16. See p. 487 of reference in footnote 14.

17. J.P. Gordon, H. Kogelnik, "Equivalence Relations among Spherical Mirror
Optical Resonators', B.S.T.J., vol. 43, November, 1964, p. 2875.
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A

1 2
R
D 2 ,
G, = (1 - =) = {4-15)
2 r, Rl

where: r and r, are the radii of curvature,
D is the separation,
and Rl and R2 are the radif of the circular reflzactors. A particular re-

sonator geometiy will be stable only when

G<Gl(;2<1 (4-16)

A third normalized coordinate formulated by Gordon and Kogelnik is
given by

N = R1R2/AD (4-17)

Resonators which have tlie same Gl' G2

in that they satisfy the same resonance cenditions, have the same dif-

» and N are said to be equivalent

fraction losses, and have field patterns on the reflectors which are re-
lated by a scale constant.

B. Plane Parallel Reflectors

For a resonator having identical plane parallel reflectors, Gl-G2-+1.
This resonator has inherently one of the highest losses for a particular
ralue of N of any of the stable resonator configurations. Its losses are
equaled by the concentric -esonater, for which G1=G2-—1. Advantages which
have led te the use of the parallel plane resonator in laser applications
are the large percentage of the resonator volume which has substantial field

components, and the dependance of the resonance condition on the mode number

which allows control of the mode of operation by adjustment of the reflec-

tor spacing.

13.




The losses for the dominant mode of a parallel plane resonator with
identical reflectors of circular shape have been obLtained by Fox and Li in
terms of the percent power loss per transit length D of a traveling wave
field as a function of the Fresnel number N characterizing the geometry.18

Percent Power Loss = 100(1 - Ivlz) (4-18)
where y = Y(l) = 7(2) is the eigenvalue of Eqs. 4-1 and 4-2. The loss
characteristic for the dominant mode from Fox and Li is given in Fig. 4-3
in terms of the loss L expressed in db per transit as a function of N.

The percentage power loss is related to the loss in db by

% loss

Lgp = 10 Log,q [1 - =555~

In the linear region, it is claimed that the loss may be approximated
by19

1.4

2 loss _ 4 507 §” (4-19)

100
For N = O, tﬁis gives Ldb = 0.0358, which is in good agreement with Fig. 4-3.
The phase velocity of the wave beam in general is slightly different
from the velocity of a plane wave in the wedium occupying the resonator
volume. For the parallel plane resonator, the beam undergoes an additional
phase shift B beyond the free space value. This term depends upon the trans-

verse field mode, the length of the resonator, and the size of the reflectors.

The resonance condition for the dominant mode becomes

2n 27
Lr = -A—o- D+ 8(3'6"6) (4-20)

18. See p. 466 of reference in footnote 14.

19. See p. 48l of reference in footnote 14.

14.
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where £ = an integer
Ao = free space wavelength
B = the additional phase shift in degrees.

The additional phase shift B is given in Fig. 4-3 as determined by Fox and

Li.zo

An analytical solution for a parallel plane resonator made by Vainshtein
gives expressions for the losses and the phase shift for circular reflectors.

With a change in notation, the losses are given by21

2 A(M+A) .
L, = 10 Log,, [1 - 8 ] (4-21)
db 10 Xan PRI

1/2

where A = - §(1/2)/(m) = 0.824

6(1/2) is the zeta function of Riemann.

X (m+1)th zero of J .
mn n

/2 Jith N defined by Eq. 4-17.

M= (Srm)1
m=n =0 for the dominant mode.

The phase shift is given by

8= BY 2 —HEAL (4-22)
[(M+A)"+A"]

For N = 10, Eqs. 4-21 and 4-22 give respectively a loss per transit of
0.0358 db and an additional phase shift B of 2.27° for the dominant mode.
These values are in good agreement with the numerical values of Fox and Li.
Equation 4-21 is expected to be valid over a larger range of N than Eq. 4-18.
It was also found by Vainshtein that the cross sectional field distri-

bution at the refiectors was of the complex form

20. See p. 467 of reference in footnote 14.

21. L.A. Vainshtein, "Open Resonators for Lasers", J.E,T.P., (USSR), vol. 17,
Septemver, 1963, p. 717.
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x £

F(0,4) = = I (o

n m) cos m¢ (4"23)

where f may be either fx or fy'

Thean:
- -1 _ 92—
E = ik (grad div £ + k“f)
and H=curl f
where k = ZH/AO = the free space propagation constant
and j= /-1.

For resonators having reflectors of rectangular shape and dimensions
2a X 2b, the eigenvalues and eigenfunctions may be obtained from those of
the infinite strip resonator. The infinite strip reflector has a fiaite
-idth, but is assumed to have an unlimited length. Such geometries have
been extensively investigated. (2)(5)(30). The eigenvalue for a rectan-
gular reflector 2a X 2b in size would be given by the product of the
eigenvalue for a strip resonator of width 2a and the eigenvalue of a strip
resonator of width 2b. The eigenfunctions may also be obtained as the
eigenfunctions of one strip times those of another strip if one strip is
assumed to extend along the x direction and the other along the y direction.

C. Confocal Geometry

Confocal geometry is characterized by the condition that the separa-
tion D between the two reflectors be given by
D= fl + f2
vwhere fl and f2 are the focal lengths of reflectors 1 and Z respectively,
For spherical curvature
f=1r/2
where r is the radius of curvature. The generalized values for a confocal

resonator with fl equal to f2 ave

17.




G, =G, =0

1 2

Most of the theoretical work on beam waveguide resonator structures
has been done for the confocal geometry. Some of the reasons for the con-
centration of effort on this particular geometry are, a) the confocal geo-
metry is the only geometry in addition to the parallel plane case for which
it has been shown possible to formulate analytical solutions, b) for a
fixed value of the Fresnel number N, the confocal case has the lowest pos-
sible losses, and c) the cornfocal resonator may be considered a resonant
section of the low loss beam waveguide developed by Coubau (99) (37) (40).

The first formulation of the fields in the confocal resonator was ob-
tained by Goubau and Schwering (36). The method consisted of the solution
of the wave equation in cylindrical coordinates under the restriction that,
the propagation constant along the axis may have a spectrum of values

limited to a narrow range and, that

|ECp.¢,+2) | = |ECp,6,-2)|
Allowing the field to be of infinite extent in the transverse (p,¢) plane,

the solution was found to be:22

. 1/2 . 2-1/2, p\v . .v ,p.2
Ey ™ We)" ™ o= A  (1+u7) (p ) L (pz)

b4
2
°{expl-1/2(-‘f’:) - W G D) (4-24)
Y = kz = (2n+vtl) tan-lu + 1/2u(éL02 (4-235)
b4

where L: are Laquerre polynomials of order v and degree n

u =~ (4-26)

22. G. Goubau, "Optical Relations for Coherent Wave Beams," Sym. of Elect.
Mag. Theory and Antennas, Pergammon Press, New York, 1963, p. 908, 915.

18.




2 2 2
P, = P, 1+u™) (4-27)

where Pg? the mode parameter, is obtained from

d d

2,2 1 2 =
(kp ) = (2 - FI) f£,d, = (2 - f2) f,d, (4~28)

with ¥ = 0 at z = 0.
k = ZHIAO
Ao = the free space wavelength
d1 and d2 are the distance from z = 0 of surfaces
of constant phase
fl and f, are the equivalent foczl lengths of the sur-
faces of constant phase at d1 and d2.
Env may be polarized in either the x or y direction, with an then in the
y or -x direction assuming propagation in the +z direction.
The amplitude functions of Env are plotted at u = 1 in Figs. 4-4, 4-5,
and 4-6 as a function of the normalized radial coordinate x where
x=ab
R = the radius of the reflector.
The function a is given by ‘
a = (k/p3t/2%y (4-29)
when the resonator has two identical reflectors of radius R and separation
D. The relation between a and N is
a = (2m1/?
and is a more convenient parameter for use with confocal resonators than N,
Due to the low diffraction losses a practical confocal resonator would have
N less than 1.
The generalized Laguerre polynomials are given by

i
(ntv) ! (=x2)

n
v
Ln ’izo CEVIT=V TN Y

19,
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The modes for beam waveguide resonators are hybrid modes, that is,
tl.zy are neither TE, T, nor TEM to z, however the lcngitudinal components
of the fields that do exist are small. The modes, which are determined by
their Laguerre polynomials will be designed by the integers n and v. This
has the advantage that the mode designation will tend to indicate the shape
of the reflectors for the resonator under discussion. Thus the modes will
be designated Lg, Li, etc,, for reflectors of circular symmetry.

For a confocal resonator, the reflector surfaces coincide wich the
surfaces of constant phase., These surfaces are parabolic, but for re-
flector diameters small compared to the radius of curvature, the con-
stant phase surfaces may be approximated by spherical curvatures. Under

the condition flth-DIZ, Eq. 4-:3 becomes

kpi = D/2
and o2 = (d/21) (Lhu)

At the mid-plane of the resomator, taken as z = 0, Eq. 4-24 becomes

2
E (z=0) _, 2kp.V v 2kp ¢
b Ahv( D ) Ln( D

[exp(- 1/2(—-9) -39} (508 V9 (4-30)

sin v¢
where from Eqs. 4-25 and 4-26 it 1s found thaty = 0 in the plane z = O,

At z = +D/2, u » 1 and o: = D/k. Then,

D, _ -1/2 kpyv v kp,2
Ew(@t ) = A2 ) L

[exp -1/2¢%§)2-Jw}1(°?: :3) (4-31)

and again using Eqs. 4-25 and 4-26

2
v=tkD- Qo) T+ 172 &) (4-32)
2
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The resonance condition for the confocal full resonator is that
D
V(= ) - blz=- D) = an e
where ¢ 18 an integer.

21 = kD - (2n+v+l) (4-24)

[XTE |

The last term in the expression f-~ { may be neglected since the re-
flectors fit surfaces of constant phase. Therefore, ¥ may be evaluated
at p = 0.

When the reflecting surfaces for the resonator, or phase correctors
for the beam waveguide, are of finite extent, the fields will be modified
slightly and there will be a diffraction loss at each reflector. The
value of this loss as a function of resonator size and mode number has
been obtained by Goubau and Schwering (36) and Beyer ané Scheibe (6) by an
expansion of eigenvalue equations similar to Eqs. 4-12 and 4-13 in terms
of the generalized Laguerre polynomials. The losses shown in Fig, 4-7
were obtained on a cowputer using the first ten terms of the expansion.23

The integral equations for the fields in the confocal resonator with
circular reflectors of finite size have also been evaluated by numerical
integration (31), and by power series expansion (62). The results obtained
in these cases appear to be in good agreement with those presented in Fig. 4-7.

In an analysis similar to that used to determine the beam modes in a
system of cylindrical symmetry, Schwering obtained the fields for beam modes
in rectangular coordinates for a square or rectangular symmetry condition.

For fields of infinite extent in the transverse plane24

23. J. Beyer, E. Scheibe, "Higher Modes in Guided Electromagnetic Wave .
Beams,' Trans. IRE, AP-10, May 1962, p. 349.

F. Schwering, "Reiterative Wave Besms of Rectangular Symmetry,"
Archiv Elect. Ubertrggung. vol. 15, December 1961, p. 558.

24,
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. 2, 1..2y1-1/4
E &nu°v°[1+zu)(1+zv)]

nm
f ' 2
°Hen{-—-———I72 }+He {____JZ_I7Z} cexp{- l/AL 2
. (1422 0 (142 ) z
i 12 zux'2 zvy'2
; <D} eewpl-y /45 + (=) +
i 1+2 1+2 1+2z
v u v
1l@1/2)tan "t 2+ (@+1/2)tan 'z ]} (4-35)
LI | -
x 2u°x y 2vo
2 2 - 2z
z, 2u° m z, 2vo K

u, and v, are analogous to the oo of the cylindrical case. The confocal

condition corresponds to

1/2
u =V (k/22°) z, D/2

The Henm(w) are Hermit polynomials defined by

n 2 3
4=
Hen(w) = (-1)“exp(w2/2) —d-!;' (e /2) (4=36)
dw
Under confocal conditions, Z = Z = 1 for z= 2z and Z =2 =0
u v [o] u v
for z = 0. The resonance condition for the confocal case can be derived
as
&n = kD - (n+1/2) g - (m+1/2) % 2, m, n integers (4=37)

Schwering has solved for the fundamental mode energy distribution and dif-

fraction losses when the phase correciors of a beam waveguide are of finite

extent by an expansion of an integral equation similar to Eqs. 4-2 and 4-3

in terms of the Gaussian Hermit functions characterizing the unlimited fields.
Boyd and Gordon have shown that the fields for the confocal resonator

with finite rectangular reflectors can be formulated in terms of proiate

26.
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spheroidal wave functions (10). These functions are also shown to reduce
to the Gaussian-Hermite functions obtained by Schwaring when the reflectors
are sufficiently large. Boyd and Gordon also give the diffraction losses
for the six lowest loss mores for a square reflector 2a on a side, and for
the three lowest loss modes of an infinite strip resonator of widih 2a.

By using the procedure mentioned on p. 17, the losses for any rectangular
reflector can be determined.

D. Reflectors of Arbitrary Curvature

Analytical solutions for the eigenvalues and eigenfunctions of Eqs. 4-1
and 4-2 have not been obtained for arbitrary reflector separation and curva-
ture. By the use of numerical integration, Li has solved for the eigen-
values and field distributior at the reflectors for both full and half re-
sonators for several ratios of reflector curvature to reflector separa-
tion (48) (53). The ratios analyzed were for the radius of curvature vari-
able from the separation length (confocal) to infinity (parallel plane).

Another approach for determining the losses of a resonator having ar-
bitrary reflector curvature involves matchin